In this work we consider the one-loop effective action of a self-interacting λφ 4 field propagating in a D dimensional Euclidean space endowed with d ≤ D compact dimensions. The main purpose of this paper is to compute the corrections to the mass of the field due to the presence of the compactified dimensions. Although results for the one-loop correction to the mass of a λφ 4 field are very well known for compactified toroidal spaces, where the field obeys periodic boundary conditions, similar results do not appear to be readily available for cases in which the scalar field is subject to Dirichlet and Neumann boundary conditions. We apply the results for the one-loop mass correction to the study of the critical temperature in Ginzburg-Landau models.
II. ONE-LOOP EFFECTIVE POTENTIAL AND THE SPECTRAL ZETA FUNCTION
For our analysis we consider the following D-dimensional Euclidean space 
where φ represents the scalar field of mass m propagating in the space M defined above. By rewriting the scalar field as a sum of a classical constant background field Φ and a quantum fluctuation ϕ, as φ = Φ + ϕ, one can show that ϕ satisfies the following differential equation
where the modified mass M 2 is defined according to the formula M 2 = m 2 + (1/2)λΦ 2 . In this framework the effective potential can be found to be
where U(M, µ) denotes the one-loop effective potential per unit volume [12, 23] and, hence, the one-loop effective potential takes the form The spectral zeta function density in (2.6) is defined as The specific form of the eigenvalues ν n depends on the particular boundary condition one imposes on the field in the compactified subspace of M. As we have mentioned earlier, the vast majority of the authors in the literature consider toroidally compactified subspaces which lead to periodic boundary conditions imposed on the field. Here, we consider not only periodic, but also Dirichlet and Neumann boundary conditions. By imposing Dirichlet boundary conditions on the field in the d-dimensional subspace of M the operator −∆ has the eigenvalues
for Neumann boundary conditions one obtains, instead, 10) and finally when periodic boundary conditions are imposed one has
By using the explicit eigenvalues in (2.9), (2.10), and (2.11) in the expression (2.8) we have 12) where i = {D, N, P} indicates whether we are considering Dirichlet, Neumann, or periodic boundary conditions. The newly introduced functions Z i are defined in terms of the sums 13) and for periodic boundary conditions
14)
The infinite sums appearing in (2.13) and (2.14) can be expressed in terms of the Epstein zeta function [14] [15] [16] 24 ] 
By expressing the sum in terms of the Jacobi theta function [19] 17) for |q| < 1, we obtain
The product appearing in the integrand of (2.18) can be written as 19) and hence, by using also the definition (2.17), the function in (2.18) becomes 
we obtain, by following the same steps performed for the Dirichlet case, the expression
The case involving periodic boundary conditions is actually the simplest one. In fact,
in (2.14) can be directly written in terms of the Epstein zeta function as follows 
where we can define
According to the expression in (2.4) the one-loop correction to the mass of the field, δm 2 i , is proportional to the coefficient of Φ 2 in (3.1). Our next task therefore consists in isolating the terms in (3.1) containing Φ 2 . This can be accomplished by using, once again, the Mellin
In the integrand we substitute the explicit expression of M in terms of Φ 2 , namely M 2 = m 2 + (1/2)λΦ 2 , and we expand the resulting formula to obtain
By comparing the integrals in (3.3) with the representation of the spectral zeta function in (3.2) it is not difficult to obtain the relation
By substituting (3.4) in (3.1) and by collecting all the terms proportional to Φ 2 one arrives at the following expression for the one-loop mass correction for l ∈ N 0 . This implies that ζ i (s + 1, m) will generally develop a pole at s = 0 and can be expanded in a Laurent series as
where Res and FP denote, respectively, the residue and the finite part.
The expansion obtained in (3.6) can be used to evaluate the limit in (3.5) to finally find the following remarkably simple expression for the one-loop mass correction
The above formula for δm 2 i depends explicitly on the arbitrary mass parameter µ and, hence, needs to be renormalized [31] . The renormalization process is relatively simple when one considers periodic boundary conditions. In fact, in this case one can show that the quantity V −1 d Res ζ i (1, m) does not depend on the compactification lengths of the torus [13] and the renormalization can be performed by simply taking the limit as the compactification lengths go to infinity. When one considers other types of boundary conditions, such as Dirichlet or Neuman, the topology of the space differs from a torus and, therefore, the coefficient of ln µ 2 in (3.7) can, in general, depend on the compactification lengths L i and the limit will simply not give a renormalized expression for the one-loop mass correction. To obtain a renormalized expression for δm 2 i which is valid for the three types of boundary conditions we are studying, we have to exploit the heat kernel asymptotic expansion [6, 8, 11, 32, 34] . The counter-terms needed to renormalize the one-loop effective action and, hence, the mass correction are proportional to the first suitable number of terms of the heat kernel asymptotic expansion.
In order to find the required counter-terms for the mass correction we consider the well-known relation between the spectral zeta function of the operator −∆ + m 2 and the L 2 -trace of the associated heat kernel
is then used to rewrite the terms in the expression (3.5) in the form of integrals. The trace of the heat kernel that appears in each integral is then replaced with the resummed form of its small-t asymptotic expansion (see e.g. [34] )
where the heat kernel expansion coefficients A
k/2 are universal functions of geometric invariants [18, 27] .
The resulting elementary integrals can be computed to obtain
where H j denotes the j-th harmonic number and [x] represents the integer part of x. We would like to make a remark at this point. The procedure just outlined to find the needed counter-terms can be proved to be equivalent to first writing the spectral zeta function of the operator −∆ + M 2 in terms of the L 2 -trace of the associated heat kernel and then using the obtained integral representation to rewrite the one-loop effective action in (3.1). By expanding the resulting expression in terms of φ one finds that (3.10) is indeed the coefficient of the expansion proportional to φ 2 .
The desired counter-terms needed to renormalize the one-loop mass correction are those proportional to the positive powers of the mass in (3.10) . This is equivalent to the requirement that in the classical limit, namely m → ∞, the quantum corrections to the mass must vanish. The coefficients
k/2 of the asymptotic expansion of the heat kernel in (3.9) can be computed in terms of the spectral zeta function [18, 23, 29] . In fact, from the general theory of the spectral zeta function one has for k = {0, . . 11) and for n ∈ N 0 ,Ã j/2 , appearing in (3.9), can be found to be the following
By subtracting the terms with positive powers of the mass in (3.10) form the right-hand-side of (3.7) and by noticing that
which can be obtained from (3.11) and (3.13), we finally arrive at the following expression for the renormalized one-loop correction to the mass
At this point we use (2.12) in (3.15) and express δm 2 i,ren in terms of the functions
Finally, when D − d = 2n + 1, with n ∈ N 0 , we get 
, and FP ζ E (1/2 − n) for all the boundary conditions considered in this work since the functions Z D , Z N , and Z P are written as linear combinations of the Epstein zeta function.
IV. DERIVATION OF EXPLICIT EXPRESSIONS FOR δm 2 i,ren
In order to compute either the residue, finite part or the values of the Epstein zeta function and its derivative at specific values of s we need its analytically continued expression. An analytic continuation suitable for our purposes can be obtained by rewriting (2.15) in terms of an integral by using the Mellin transform and by subsequently employing the Poisson summation formula to obtain [12, 30] 
where we have defined, for convenience, the function of s ∈ C We can use the analytic continuation (4.1) to explicitly compute the needed terms FP ζ E (1), ζ E (1 − n),
For the first term in the list we obtain, when
and, 
where n ∈ N + . The derivative of the Epstein zeta function at negative integers reads, for even values of d, 6) and, for odd values of the dimension d, one has
Lastly, the finite part and the residue of the Epstein zeta function at negative half-integers are, for d = 2k, 8) and, for d = 2k + 1, with k ∈ N 0 , we obtain
The results that we have obtained for the Epstein zeta function in (4.3) through (4.9) together with the relations 10) and In addition to the results just found above for the needed terms involving the functions Z i , we also need to compute the heat kernel coefficients that appear in (3.16)-(3.18). This will finally provide more explicit expressions for the one-loop mass correction δm 2 P,ren . According to (3.16)-(3.18) we only need the heat kernel coefficients up to and including A D/2−1 . These coefficients can be obtained as follows: First, the massive heat kernel coefficients with k = {0, . . . , D − 2} are computed by exploiting (3.11) and (2.12) through the formulaÃ 12) and then the massless ones are derived by using (4.12) in the relation (3.13). We can further evaluate the residue contained in the expression (4.12). For k = {0, . . . , d − 1} we havẽ 14) and finally when k
As we have already mentioned earlier, the functions Z i are expressed in terms of a linear combination of the Epstein zeta function. This implies that in order to compute the heat kernel coefficients (4.13) through (4.15) it is sufficient to consider the residues and the value at negative integers of the Epstein zeta function.
From the analytically continued expression for the Epstein zeta function in (4.1) one can prove that [14, 24] for even values of the dimension d the Epstein zeta function ζ E (s, m 2 |r) has simple poles at the points The residues are found to be 16) whereas for the values of ζ E (s, m 2 |r) at the negative integers we have
The massive heat kernel coefficients for the case of periodic boundary conditions can be found from (4.13)-(4.15) by exploiting the definition (2.24) and the results (4.16) and (4.17). In more detail we obtain,
Obviously, the massless coefficients can be computed from the massive ones by setting m = 0 to get
The above result was to be expected since, for periodic boundary conditions, the space reduces to a higherdimensional torus and, for this geometry, the only non-vanishing heat kernel coefficient is the first one which corresponds to the volume of the torus. The coefficientsÃ
k/2 for Dirichlet boundary conditions can be computed by exploiting (4.10) and the relations (4.13) through (4.17). After a lengthy, yet straightforward,
By comparing (4.10) and (4.11) and by keeping in mind the formulas (4.13)-(4.15) it is not difficult to realize that the massive heat kernel coefficients for the Neumann case can be obtained from the corresponding coefficients for Dirichlet boundary conditions as follows 21) for k = {0, . . . , D − 2}. Once again, in order to obtain the massless heat kernel coefficients it is sufficient to set m = 0 in the expression (4.20). In more detail we find 22) for Dirichlet boundary conditions and, according to (4.21), we have for Neumann boundary conditions.
We are finally in the position to compute explicit expressions for the one-loop mass corrections δm 2 i,ren . For periodic boundary conditions, we use (3.16)-(3.18) and the results presented in this section to obtain, after a somewhat protracted calculation, for all values of the dimension d and D
For the case of Dirichlet boundary conditions a similar calculation leads to the following result, for D ≥ d,
where δ i, j denotes the Kronecker delta function. Similarly, for Neumann boundary conditions we obtain,
The above results for the one-loop correction to the mass of the λφ 4 theory allows us to write the renormalized mass of the theory as follows
It is clear, from the results (4.24) through (4.26) that the renormalized mass depends explicitly on the geometry of the space and the boundary conditions imposed.
V. APPLICATION OF THE ONE-LOOP MASS CORRECTION TO THE GINZBURG-LANDAU MODEL
In the Ginzburg-Landau theory the Hamiltonian density describing the dynamics of a complex order parameter Ψ in a D-dimensional Euclidean space endowed with a d-dimensional compactified subspace is the following
where λ is the renormalized coupling constant and a 2 is a mass parameter that depends on the compactification lengths L i [1] . The theory defined by the Hamiltonian (5.1) is fundamentally a mean-field theory which was introduced to describe second-order phase transitions in neutral superconductors [1, 5] . In the Ginzburg-Landau theory on the unbounded D-dimensional Euclidean space, the mass parameter is related, in the vicinity of criticality, to the critical temperature T c as follows
where α > 0 is a constant independent of the temperature. When a compactified d-dimensional subspace is introduced, the mass parameter in (5.1) depends on the lengths L i , and consequently, on the boundary conditions imposed. In this case the L i -dependent mass parameter defines an associated L i -dependent critical temperature as follows
The Euclidean critical temperature T c can be recovered from the boundary modified critical temperature torus. This is also one of the most widely studied configurations in the literature (see e.g. [22] and references therein).
In the framework of Ginzburg-Landau theory, the equation for the mass parameter is obtained, in the neighborhood of criticality, from the length-dependent gap equation [21, 22, 26] . In this limit, the lengthdependent gap equation reduces to a Dyson-Schwinger type equation for the mass parameter which has the same form as the eq. (4.27), namely [25] 
Eq. (5.6) cannot be solved for a P (L i ), and hence for the L i -dependent critical temperature, in general, however one can attempt a solution in the neighborhood of criticality by expanding (5.6) for small a P (L i ). The expansion of the series appearing in (5.6) can be performed by following the method outlined in [17] . The method requires rewriting the series in (5.6) by using the complex integral representation of the modified Bessel function of the second kind. In detail, in Section 3 of [17] we considered
where
By closing the integration contour to the left and by noticing that ζ E (u|L 1 , . . . , L d ) has a single simple pole 9) and that ζ E (−n|L 1 , . . . , L d ) = 0, with n ∈ N + , and also that ζ E (0|L 1 , . . . , L d ) = −1, one can use the residue theorem to obtain the desired small-q asymptotic expansion. Since we are mainly interested in the smalla P (L i ) expansion of (5.6) it is convenient to focus our analysis on the values s = D/2 − 1, namely s = n, n ∈ N 0 when D is even and s = (2n + 1)/2 when D is odd. For these particular cases one finds (cf. [17] ) for
and 12) and
We can now use the general results obtained above to study the physically relevant case of D = 3 and d ≤ 3.
When D = 3 and d = 2, close to criticality, namely a P (L i ) → 0, we use (5.11)
to obtain an expansion for (5.6). To the leading order one has
By using (5.2) and (5.3), the expression (5.14) represents an implicit equation for the L i -dependent critical temperature T c (L i ). When D = 3 and d = 1, for a P (L i ) → 0 we need to exploit the expansion (5.13) with the given replacements. In this case it is not very difficult to obtain, from (5.6), the relation
Lastly, for D = d = 3 one uses, once again, the result in (5.13) with suitable replacements to get the We consider first Dirichlet boundary conditions. In this case the relation between the L i -dependent mass parameter and the Euclidean one is 
By using (5.11) and (5.12) we obtain, for 
By using (5.21) in (5.17), we find, in the limit a D (L) → 0 the expression
Finally, when D = d = 3, we utilize (4.25) with the appropriate redefinition of the mass term to get
By exploiting the asymptotic expressions (5.10), (5.13) and the following one [17] 
For Neumann boundary conditions we use, as before, the relation formed by requiring that all the ultraviolet divergent terms vanish when the "lengths" of the subspace are allowed to go to infinity, we found that for the case of Dirichlet and Neumann boundary conditions a more appropriate renormalization method is based on the heat kernel asymptotic expansion. This procedure has led us to the general expressions for the one-loop mass correction in (3.16) through (3.18). After computing the coefficients of the heat kernel asymptotic expansion for Dirichlet, Neumann, and periodic boundary conditions, we presented explicit expressions for the one-loop correction to the mass for the different boundary conditions in (4.24) through (4.26). As an application of the results found in this work, we have considered the Ginzburg-Landau model. More precisely, we have analyzed how the critical temperature, at which the phase transition occurs, is modified by the presence of a d-dimensional compact subspace. We found that in a three dimensional Euclidean space with a d ≤ 3 dimensional subspace our method leads to implicit equations for the modified critical temperature. Although these equations cannot be solved explicitly in general, they do always possess a solution.
To the best of our knowledge, the results for the one-loop mass correction to the λφ 4 theory endowed with Dirichlet and Neumann boundary conditions have not been previously presented in the literature and, hence, appear to be new. Although the case of periodic boundary conditions is very well-known, we have decided to include it here for completeness. One of the reasons the periodic case is overwhelmingly represented in the literature is, perhaps, due to the fact that the spectral zeta function associated with the periodic boundary condition reduces to a single multidimensional Epstein zeta function. This contributes to the simplicity, when compared to the cases of Dirichlet and Neumann boundary conditions, of the expression for the one-loop effective action for periodic boundary conditions (see e.g. (2.21), (2.23), and (2.24)). The analysis performed in this work is suitable for a number of generalizations. In fact, it would be very interesting to extend the results obtained here to more general self-adjoint boundary conditions. This would allow us to explore how different boundary conditions imposed on the field in a compact subspace influence the symmetry breaking mechanism for the λφ 4 theory. An additional and important study, which would complement the analysis performed in this work, consists of obtaining expressions for the one-loop mass correction in the cases of Dirichlet and Neumann boundary conditions in the massless case. This investigation would shed some light on how different boundary conditions influence the phenomenon of topological mass generation. This appears to be quite an interesting question and we hope to report on this subject in a future work.
